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The stability of our vacuum is analyzed and several aspects concerning this ques- 
tion are reviewed. 1) In the standard Glashow-Weinberg-Salam (GWS) model we 
review the instability towards the formation of a bubble of lower energy density 
and how the rate of such bubble formation process compares with the age of the 
Universe for the known values of the GWS model. 2) We also review the recent 
work by one of us (E.I.G) concerning the vacuum instability question in the con- 
text of a model that solves the cosmological constant problem. It turns out that in 
such model the same physics that solves the cosmological constant problem makes 
the vacuum stable. 3) We review our recent work concerning the instability of 
elementary particle embedded in our vacuum, towards the formation of an infinite 
Universe. Such process is not catastrophic. It leads to a "bifurcation type" insta- 
bility in which our Universe is not eaten by a bubble (instead a baby universe is 
born). This universe does not replace our Universe rather it disconnects from it 
(via a wormhole) after formation. 



1 On Vacuum Stability in the Weinberg-Salam model. 

In modern theories of elementary particle interactions, the vacuum is defined 
by the expectation value of a scalar field. In the Weinberg-Salarrel model such 
scalar field (the Higgs field) is responsible for the gauge symmetry breaking 
and fermion masses production. Let us begin our studies of vacuum instability 
by considering a model containing just a scalar field with a potential V(4>) as 
depicted in fig 1. 

The theory is governed by an action in the form S = J d 4 x(^ d^4>d^(f) — 
V (</>)), where d u (/)d^<p = (<9 ) 2 - (V0) 2 

As it is obvious, there is no classical (in Minkowski space) solution con- 
necting <j) + and 0_ . There is however a Euclidean solution connecting a point 
close to to <j) + , the tunneling solution. This is a solution in imaginary time. 
Defining t = it, p = \J x 1 + p 2 and considering solutions of the form <j> = (p(p), 
we obtain the following equation of motion 

d 2 6 3 dd> j , ,. 

J + -pTp +v ^ = ° W 



"Based on a lecture given by E. I. Guendelman in the symposium "The Future of the Universe 
and the Future of our Civilization" July 2-6, 1999 
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Equation (1) is like that of a particle, <fr playing the role of " position" , p " time" , 
friction, — V, the mechanical potential (see— V in Fig. 2). 

To avoid a singularity at p = 0, ^ must vanish for p = 0. If we set as 
initial condition at p = 0, close to = 0_ the field stays close to <p = 4>- f° r 
a long p interval, the friction term becomes negligible and <f> arrives at <j> = 4> + 
with ^ 7^ 0, i.e. "overshoots". If <j> = <fio, because of the friction the field 
does not make it to = <j> + . By continuity of a value <f> = 4>a exists such 
that 4> — > <p + as p — > oo. This is the tunneling solution. This solution has a 
classical Euclidean action Se and the tunneling probability per unit time per 
unit volume is proportional to e~ SE . <\>a — * 4>- takes place classically. 
In the quantum theory one finds zero-point fluctuations that give rise to vac- 
uum energy \hu) for each boson mode {ui = \J p 2 + to 2 ), since masses depend 
on the Higgs field (to 2 = V (</>) for the Higgs field itself, to 2 ~ e 2 </> 2 for gauge 

vector fields, etc.) and ^Y,hui — > |V f (2^)3 ft\Jk 2 + to 2 (0) , we see that an infi- 
nite dependent vacuum energy appears. The Dirac fermions also contribute 
— hio for each occupied negative energy state. The resulting energy density 
V e f f (</>) makes sense after a renormalization process which get rid of the in- 
finities. The process of renormalization introduces an arbitrary scale into the 
problem. If we demand that such scale will not affect physical quantities like 
V e ff((f>) itself, we arrive at what is called renormalization group equation for 
V e ff((f>). Such V e ff((f>) holds for small coupling although 4> itself can be large. 
One can then ask: for which values V e f / (4>) our vacuum is unstable? One can 
check that for the known values of mH iggs > 90Gev,V e ff((p = 0) > V e ff{<p + ) 
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Figure 2: The Effective Mechanical Potential 

(0+ is the value of the Higgs for our vacuum) , but for large values of <j>, V e f / (</>) 
can be negative ^conventionally we set V e ff(<fr+) = 0). The condition that does 
not happen givefl m top < 95Gev + 0.60mHi ggs 

Notice that for m t0 p ~ 175Gev, this implies that mniggs > 135Gew, while 
the experimental data only tell us that 95Gev < m Higgs < 190Gev. So that we 
cannot tell for sure whether the standard model predicts a stable or unstable 
vacuum. 

Even assuming the vacuum is unstable, which is possible according to what 
we have seen before, can ask: was the age of the universe long enough so that 
the probability of some nucleation took place in our past light cone? The 
space-time volume of our past light cone ~ i 4 , t is the age of the universe 
and the probability of nucleating per unit time per unit volume ~ e~ SE . The 
probability of nucleation is ~ t 4 e~ SE and the age of the universe in electroweak 
units is t ~ e 101 so that t 4 e~ SE ~ e r SE+mi . So that S E > 404 gives the middle 
region Fig. 3 where the rate is not high enough so it is unlikely that we noticed 
already any phase transition. 

The value Se > 404 is consistent with the known bounds on m# and the 
known value of m top (See Fig. 3 which contains the inserted horizontal line 
m t0 p = l75Gev, 90Gev < m H < \9QGev) . 



2 The Cosmological Constant Problem 

Calculations of V e f / (4>) are generally a calculation of the vacuum energy of the 
universe and how it depends on <f>. In flat space there is no meaning to the 
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Figure 3: Regions of Stability and Unstability 



constant part of V e ff((j>) if gravity is ignored. Once gravity taken into account 
is very important. The naive prediction for V e f f{<j>)\ ( f > -^ jniri = oo but we really 
need 14// (0) |^ = min = 0. 

One has the suspicion that the calculations of V e ff(4>) mentioned above 
may miss some physics. Fine tuning V e ff((j>), by adding a constant so that 
V e ff((j>) = may not be enough as we will argue, since the physics that sets 
V e ff ((/>+) ~ can act again when V e ff "tries" to cross once again the zero 
value and this could affect seriously our notions concerning stability of the 
vacuum. 

3 A Model that sets V e ff ((/>+) = naturally 

Observation: Usually Generally Covariant theory is build from the action S = 
J L^J—gd^x, g — det{g^ v ), L — scalar, (JJ = L under general coordinate 
transformations). Notice that y '—ga I x is an invariant volume element. It 
is possible to build another volume element, independent of g M „. Take for 
example, given 4-scalars ip a (a = 1,2,3,4), the density 



One can allow both geometrical objects to enter the theory and conside: 




(2) 



$ transform like 




(3) 
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Here L\ and L 2 are tp a independent. There is a good reason not to con- 
sider mixing of $ and y/—g , like for example using 77=- This is because (3) 
is invariant (up to the integral of a total divergence) under the infinite dimen- 
sional symmetry (p a — ► ip a + f a (L%) where f a {L\) is an arbitrary function of 
L\ if L\ and L 2 are ip a independent. Such symmetry (up to the integral of a 
total divergence) is absent if mixed terms are present. 

We will study now the dynamics of a scalar field <f> interacting with gravity 
as given by the action (3) witln 

Lt = —R(T,g) + \g» v d^d v 4>-V{$)M = U{4>) (4) 



#(r,s) - g / " / J R Mi ,(r),i? /iI/ (r) = Rl, yX ^ R l, v A T ) = r^-r^+rLr^-rL 1 ^- 

; (5) 

In the variational principle T^^g^,,, the scalar fields (p a and the scalar 
field <f> are to be treated as independent variables. 

We can require the scale invariance of the theory. If we perform the global 
scale transformation (9 = constant) g^ u — > e e g f2l/ then (2), with the definitions 
(3), (4), is invariant. V{<j>) and U{<p) are in the form V(<p) = /ie Q *,f7(0) = 
f 2 e 2a< ^ and ip a is transformed according to tp a — ► X a fa (no sum on a) which 

means $ — ► ^Y[ a A a ^j $ = A$ such that A = e 9 and tf> — ► 4>— ^. In this case we 

call the scalar field <f> needed to implement the scale invariance as " dilaton" . 

Now, in the general case, let us consider the equations which are obtained 
from the variation of the ip a fields. We obtain then A^d^Li = where A% = 

s' wafi Eabcddu<Pbd a (p c dpip d . Since det (A£) = + if $ ? 0. Therefore if 

$ ^ wc obtain that d^Li = 0, or that L\ = M, where M is constant. This 
constant M appears in a self-consistency condition of the equations of motion 
that allows us to solve for y = — $= 

x= 2U ^ (6) 
X M + V((f>) y ' 

To get the physical content of the theory, it is convenient to go to the 
Einstein conformal frame where 

9^ v = X9p-v (?) 

and x given by (6). In terms of g„ v the non Riemannian contribution 
(defined as £^„ = r* — where is the Christoffel symbol), disappears 
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from the equations, which can be written then in the Einstein form {R^v{g a i}) 
= usual Ricci tensor) 

RwGap) - \g^R{g a p) = ffijw (8) 

where 

t;I s {4>) = - \a^.^M a!i +9^V eff (4>),V eff (cf>) = -^(v + M)\ 

(9) 

If V((f>) = /ie ai * and U((f>) = ./^e 2 " 1 * as required by scale invariance, we 
obtain from (10) V eff = -^(f 1 + Mer a *) 2 

Since we can always perform the transformation <fi — > —<f> we can choose by 

f 2 

convention a > O. We then see that as <j> — > oo, V e ff — > jj^ = const, providing 
an infinite flat region. Also a minimum is achieved at zero cosmological con- 
stant for the case < O at the point 4> m in = I m I' Finally, the second 
derivative of the potential V e ff at the minimum is V"jf — fr- \ f± | 2 > O if 
h <>■ 

There are many interesting issues that one can raise here. The first one is 
of course the fact that a realistic scalar field potential, with massive excitations 
when considering the true vacuum state, is achieved in a way which is consistent 
with the idea of the scale invariance. The second point to be raised is that 
since there is an infinite region of flat potential for — > oo, we expect a slow 
rolling new inflationary scenario to be viable, provided the universe is started 
at a sufficiently large value of the scalar field <p. Furthermore, one can consider 
this model as suitable for the present day universe rather than for the early 
universe, after we suitably reinterpret the meaning of the scalar field <f>. This 
can provide a long lived almost constant vacuum energy for a long period of 
time, which can be small if / 2 /4/2 is small. 

Such small energy density will eventually disappear when the universe 
achieves its true vacuum state. 

Notice that for generic functions V{<j>), U{4>) the minimum of V e ff (</>), as given 
from (9), is at zero if V + M = at some point and if V is finite there (also 
U > there). So V e 'y^ = and V e ff = is achieved generally without fine 
tuning! If in the neighborhood of <j> + V + M = 0, U(<j>) > and V + M 

as a function of (f> that goes through zero. Then V e ff ~ ^u(^}) nas a l° ca l 
minimum at zero. That is V(<f>+) = and V(4>+) = automatically without 
fine tuning. Therefore zero vacuum energy state is obtained naturally! 
Going back to the general V(<j>), U{<j>) case we can ask the question: given the 
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Figure 4: The Effective Potential for the Case U (<f>) contains zero 

classically stable state <f>+, where = <j>+, U(<f>+) > 0, V(<f)+) + M = can we 
make this into an unstable state?. Remember that V e fj — an< ^ 
we obtained V + M = as a stable (classically) state under the conditions 
that U is > at this point and it is a regular function there. We take to be 
true that U{4>) is a nice function everywhere. The only way V e /f — ^ V \^ 
can change sign is for U{4>) to change sign. For U(<j>) being a nice function, 
this can only happen if U ((f) goes to zero. If no fine tuning is invoked at that 
point, F + (if it is true, for other M, i.e. for another initial condition 
of the universe it will not be true). Then V e ff looks like in Fig. 4 



Remember that in the euclidean solution relevant for nucleation -V e ff is the 
relevant potential. 



It is clear from Fig. 5 that no tunneling is possible now! 

From eq.(6) we have V + M — > |$| >> y/=g and U —> => |$| << y/=g. 
It is interesting to see what the volume element ^J~-gd 4 x where g^ u = X9\xv = 
Einstein metric compares with the volume element <&d 4 x. Indeed, ^f z -g = 
X 2 V—g = X^j so tn& t \[—. 9 » |$| for V + M — > 0, i.e. Einstein energy 
density gets diluted V e ff — » 0. On other limit, £/ — > 0, << |$|, implies 
that Einstein energy density gets concentrated. This is the physical reason that 
leads to the energy barrier against crossing from V e ff > to V e ff < 0. 
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Figure 5: Effective Mechanical Potential when U(<f>) contains zero 



4 The Decay of an Elementary Particle into a Universe 

Finally we consider a different type of instability of our vacuum. In this case 
a region which contains a false vacuum inside, like an elementary particle, can 
decay into a universe! _ 

We considered a model of an elementary particleB as a 2 + 1 dimensional brane 
evolving in a 3 + 1 dimensional space. The introduction of a gauge field which 
takes place in the brane as well as a normal surface tension, following the 
standard approach to the theory of extended objects Q, can lead to a stable 
"elementary particle" configuration. The simplest form of the action that 
permits a stable configuration is: 

S = a J V^hd 3 y + \J V^hF aP F al3 d 3 y (10) 

Where h a p, a ft = 0,1,2 is the induced metric on the surface of the mem- 
brane, h = det(h a 0), and F a pF a P the Lagrangian of the gauge field. If we 
assume a spherically symmetric vector potential in the brane (up to a gauge 
transformation) of the simplest form (a monopole potential), we receive the 
general form of the surface tension as; a — ao + ?r (<7\ being 2A/ 2 , f being the 
strength of the monopole configuration defined by the vector potential in the 
brane). The energy of the static wall, 47rr 2 cr, has a non trivial minimum for 
any A > that permits a stable configuration. This is the simplest possible 
model, below we shall consider the effect of gravity and of an internal vacuum 
energy. A membrane as discussed above, defines boundaries between different 
phases with different values for their energy densities. 

We took the metric for the inside of the membrane phase, a false vacuum 
one, as a de Sitter metric, i.e., ds 2 = -(1 - ^r^dt 2 + ^J^^ + r 2 (d6 2 + 
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2 ) where x 2 — 87r P G ; p is the energy density. Outside, in the empty 
space, we can have only a Schwarzschild space time according to Birkhoff's 
theorem, i.e., ds 2 = -(1 - ^K)dt 2 + d f GM) +r 2 (d6 2 + sin 2 6d(/> 2 ) and in the 
membrane, we have a singular energy momentum tensor. 
Demanding that Einstein's equations to be satisfied not only inside and outside 

but also in the membrane we geti x 2 r 2 + r 2 — ^Jl — + f 2 = AnGcrr 

where r = ^ and a is the one discussed before. Following (7), we take as the 
Hamiltonian the mass of the system, which gives us: 

\g~ 2G +4^r 2 (l- X V+r 2 ) 1 / 2 (11) 

Having obtained the Hamiltonian, all the others classical dynamical variables 
can be obtained as was done inQ. The conjugate momentum p will be equal to 
P = * ne Lagrangian will be equal to L — r J Ht^ This give for 
the conjugate momentum p — J ^jjr^r Using H as before we arrive at the 
value of p, which is equal to p = Airar 2 arcsinh( , r ) inside horizon and 

^/l- X 2 r 2 

p = Altar arceoshi , r ) outside. An arbitrary function of r can be added 

in the definition of p. Classically it corresponds to an additional total deriva- 
tive of a function of r in the Lagrangian, while in Quantum Mechanics it 
corresponds to a redefinition of the wavefunction , 5' = e l -^ r )\& This means 
that the Hamiltonian can be taken as 

Y 2 r 3 (47rG) 2 cr 2 r 3 9 , — - , v , , s 

where K = cosh inside the horizon and K = sink outside it. In order to achieve 
a quantum mechanical approach we shall assume that p = —ij^. and from this 
e _m ^\l/(r) = ^(r — ia). The Schroedinger equation is H^> = in which 
m is the mass parameter of the external Schwarzschild solution. Defining the 
dimensionless variable (in units where Ti — c = 1) x = 4 ' r ' 3 a ° —Ait 2 ^- we receive 
the following difference equation for ^ , interpreting the order of operators in 



as 



L-s-p f(x)^(x) + g(x)[W(x + i) + ^{x - i)} = f and g are real 



functions of x, inside the horizon, and 



f(x)V(x) + g(x)[V(x + V(x - i)} = (13) 

outside. Expanding the equation for '5 outside the horizon, taking x » 1 
(setting r ~ i and x ~ G 1 ! 2 p\j 2 , we see that x » 1 is satisfied if the 
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typical energy scales determining <7o, <J\ and po are << Planck scale) and 
keeping the first nonvanishing contribution only, we receive the equation: 



f 5* 

It has the form of a Schroedinger equation (x is time- like outside the horizon) . 

The solution is \& = Ce S^~^ dx where C=constant. This means that once 
a bubble passes the horizon it will expand indefinitely, since |\I/| 2 = constant 
and therefore the modulus of the amplitude for the bubble being at r = ^ + e 
(e > is very small) is the same as the amplitude for the membrane being 
at r — > oo with probability equal 1. Therefore if the wave function of the 
bubble has a tail long enough, so it can get the horizon r = i, we have 
the possibility of the formation of an infinite size bubble i.e. the formation 
of a universe. The resulting universe becomes large not by expanding and 
displacing an exterior region. This cannot do, since the interior has negative 
pressure and the outside zero pressure. Really the bubble expands forming a 
wormhole region that disconnects from the outside creating a " baby" universe 
in this casta. 
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